The boson-pair coherent state developed in Part (I) is generalized to the case in which the state is a mixture of even-boson and odd-boson number states. A general framework is shown and its three concrete examples are discussed. Main idea is in the application of the deformed boson scheme presented by the present authors.
§1. Introduction
In Part (I), 1) various forms of boson-pair coherent states were investigated. The main aim of this study is to describe the time-evolution of many-boson system in terms of the timedependent variational method. The boson-pair coherent states play the role of the trial states for the variation. In (I), we treated two types of the boson-pair coherent states separately, but intimately. One type consists of the orthogonal states with even-boson number and the other with odd-boson number. With the aid of this treatment, we can describe the time-evolution of many even-and odd-boson states separately, but intimately. However, the conventional boson coherent state consists of the orthogonal states with the even-and the odd-boson numbers, and then, it may be powerful for describing the case in which the initial state is a mixture of the even-and the odd-boson numbers. But, the mixture is restricted to be of a special form.
The main aim of the present paper, Part (II), is to present a possible form of the boson coherent state which consists of the orthogonal states with the even-and the odd-boson states. This is a superposition of the boson-pair states |ch and |sh . The coefficients of the superposition are given by new parameters and their special case corresponds to the conventional boson coherent state. The basic idea comes from that proposed by the present authors in Ref. 2) . In Ref. 2) , we investigated the boson-pair coherent state under a close connection to the su(1, 1)-spin with the magnitudes t = 1/4 and 3/4. In the present paper, this case is generalized to any one. The idea is based on the deformed boson scheme investigated by the present authors.
3) After a general framework is formulated, three examples which are treated in detail in Part (I) are investigated in concrete forms. In these treatments, Refs.4) and 5) play an essential role.
In §2, a general framework is presented. Section 3 is devoted to giving two examples which lead to an exact solution and an approximated one with high accuracy for the basic equations given in §2. One is closely related to the su(1, 1)-algebra. In §4, a straightforward generalization from the conventional boson coherent state is discussed in a possible approximated form. Further, in §5, the forms discussed in § §2, 3 and 4 are formulated in terms of the MYT boson mapping. Finally, in §6, the case discussed in §4 is reinvestigated in a form simpler than that given in §4. §2. General framework
With the recapitulation of Part (I), let us, first, give a basic framework of our present form. In (I), we investigated two states |ch and |sh consisting of one kind of boson operator 2 (ĉ,ĉ * ) separately, but intimately. They are defined as follows :
2a)
Here, (γ, γ * ) denotes a set of complex parameters and |k (k = 2n, 2n + 1) is defined as
The functionf (k) characterizes a deformation of boson operator and obeys
It may be self-evident that the states |ch and |sh consist of even-and odd-boson number states, respectively.
Main aim of this paper, Part (II), is to investigate a unified form of |ch and |sh . First, we introduce a state |cr defined as
Here, (v, v * ) denotes a set of complex parameters additional to the set (γ, γ * ). The quantity u is real and obeys
If v = 0 or u = 0 (v = γ/|γ|), |cr is reduced to |ch or |sh , respectively. Further, |cr is reduced to the state |ex introduced in the relation (4.1) in (I) under the condition
The above tells us that |cr at three limits is reduced to the three types of the states which we have already investigated. In this sense, the state |cr defined in the relation (2 . 6) is a possible unified form of |ch and |sh . It should be noted that the state |cr is reduced to the conventional boson coherent state iff (k) = 1 under the condition (2 . 8). The above permits us to conclude that |cr is a state stressing even-odd boson number difference.
After rather tedious calculation, the following relation is derived :
Instead of two sets (γ, γ * ) and (v, v * ), we introduce two sets (c, c * ) and (η, η * ) which obey
10)
The parameters (c, c * ) and (η, η * ) obeying the conditions (2 . 10) and (2 . 11) can be regarded as canonical variables in classical mechanics. 4) Our present problem is to express (γ, γ * ) and (v, v * ) in terms of (c, c * ) and (η, η * ). For this purpose, we set up the following forms for γ and v :
Here, F cr and G cr are functions of |c| 2 and |η| 2 (or |γ| 2 and |v| 2 ), the explicit forms of which should be determined. The forms (2 . 12) and (2 . 13) give us
With the aid of the relation (2 . 14), the conditions (2 . 10) and (2 . 11), together with the relation (2 . 9), lead to
15)
The form (2 . 12) with the relation (2 . 15) gives us
The relation (2 . 13) with the form (2 . 16) leads to and (η, η * ).
Next, let us investigate the relations to the su(1, 1)-algebra. In (I), we discussed the expectation values of the set (τ ±,0 ) defined aŝ
The set (τ ±,0 ) obeys the su(1, 1)-algebra. It is instructive to investigate the expectation value of (τ ±,0 ) for the su(1, 1)-coherent state. The above realization provides the value −3/16 for the Casimir operatorĈ =τ
. Thus, two lowest weight states occur, that is, |0 0 and |0 1 for t = 1/4 and 3/4, respectively. Therefore, two type of the su(1, 1)-coherent state can be constructed on the two lowest weight states.
The su(1, 1)-coherent state based on |0 0 is defined by
Here, this coherent state gives the expectation values as
where we define
On the other hand, the su(1, 1)-coherent state based on |0 1 is defined by
Here, c i is the dynamical canonical variable. In general, the expectation value ofτ 0 has the form (τ 0 ) = |c| 2 + t. Therefore, |γ 0 and |γ 1 , which give C = −3/16, provide the value t = 1/4 and 3/4, respectively. The unified form of |γ 0 and |γ 1 can be given similar to the state (2 . 6) as
Here, it should be noted that α can be taken as a real number and it can be expressed in terms of β because of the normalization condition :
Thus, (γ, γ * ) and (β, β * ) can be regarded as dynamical variables. The expectation values of su(1, 1)-generators are obtained as
Further, we obtain the following relation : 
By using these canonical variables, the expectation values in Eq.(2 . 26) can be expressed as
Here, from the normalization condition (2 . 25), we obtain 0 ≤ |b| (= |β|) ≤ 1. Thus, we conclude that t has the values from 1/4 to 3/4.
According to the previous paper (I), that is Eq.(4.15) in (I), the boson coherent states with even and odd boson numbers respectively which we introduced, namely |ch and |sh , provide the expectation value ofτ 0 as
On the other hand, the expectation value of (τ ±,0 ) for the state |cr , which we denote (τ ±,0 ) cr , are simply expressed as
The explicit forms of (τ ±,0 ) ch and (τ ±,0 ) sh are given in the form (4.10) and (4.11) in (I). In the present case, the relation (2 . 31) with the relations (4.10), (4.11) in (I) and (2 . 17) presents us
Since |η| (= |v|) has the value between 0 and 1, the state |cr thus gives the value from t = 1/4 to 3/4, where
The interest in (II) is concerned with the expectation value ofĉ itself. It is given in the following form :
The explicit form will be shown in some concrete examples. §3. Two examples
In this section, we show two concrete examples. One is the case discussed in §6 of (I) and the other in §7 of (I). Let us start in the following case treated in §6 of (I) : 
Thus, we have
With the use of the relation (3 . 3), F cr defined in the form (2 . 15) is given by
Then, the relation for expressing |γ| 4 as a function of |c| 2 and |η| 2 is obtained :
The solution of Eq.(3 . 5) and F cr are obtained as
6)
Thus, γ can be expressed in terms of (c, c * ) as follows :
The relation (2 . 31), with the aid of the relations (4.10) and (6.10) in (I), gives us
Substituting the relation (3 . 8) into (3 . 9), we have Our interest is concerned with the expectation value (c) cr shown in the relation (2 . 33). In the present case, (f(N)) ch and (f (N)) sh are given as
Then, (c) cr can be expressed in the form
With the use of the relation (3 . 8), (c) cr is given as
This form is identical to that derived in Ref.
2).
Next, we discuss the case which corresponds to that in §7 in (I) :
14)
The quantities Γ ch , Γ ′ ch , Γ sh and Γ ′ sh are calculated as
Therefore, F cr is simply obtained in the form
Then, |γ| 4 and γ are given in the form
The relation (2 . 31), together with the relation (7.9) in (I), gives us
The present case does not satisfy the relation of the Poisson bracket.
Our next problem is to calculate the expectation value (c) cr . In this case, the following formula is useful :
The relation (3 . 12) gives us (c) cr = √ 2 1 − |η| 2 (η 1/2 + |c| 2 + η * c) . 
The above relation gives us
With the use of the relation (4 . 3), F cr is obtained in the form
The parameter |γ| 4 can be determined through the relation
i.e.,
(4 . 5)
However, we cannot determine |γ| 4 in terms of |c| 2 . Then, in the same manner as that adopted in (I), we make approximation. Later, the idea will be shown. Since, in the present case, (f (N)f (N + 1)) ch = (f(N)f (N + 1)) sh = 1, the relation (4.10)
In order to calculate (c) cr , Γ ch /Γ sh (= coth |γ| 2 ) and Γ sh /Γ ch (= tanh |γ| 2 ) are necessary.
With the use of the relation (4 . 5), |γ| 2 can be expressed in terms of |c| 2 and |η| 2 . Since, in this case, (f(N)) ch = (f (N)) sh = 1, the form (2 . 33) leads to
Of course, tanh |γ| 2 /|γ| 2 can be expressed as
It may be clear from the relations (4 . 6) and (4 . 7) that F cr expressed in terms of |c| 2 and |η| 2 is necessary. This is our next task.
First, let us show an idea which is a straightforward extension of that given in (I). In the region |γ| 2 ∼ 0, F cr can be approximated as
The above comes from the relation (4 . 4). With the use of the relation (4 . 5), iteratively, we obtain the following relation : 10) i.e.,
In the region |γ| 2 → ∞, the asymptotic form is given as
With the use of the relation (4 . 5), we have
(4 . 14)
Therefore, our problem is to find F cr which leads us to the form (4 . 11) in the region |c| 2 ∼ 0 and to the form (4 . 14) at the limit |c| 2 → ∞. In Appendix of (I), we showed a possible method. In this paper, we adopt the following form :
If q > 0 and r > 0, the first term in the right-hand side of the form (4 . 15) asymptotically vanishes and the second term remains. We can prove that, if p, q and r take the values shown in the following, F cr in the relation (4 . 15) is reduced to the form (4 . 11) :
Thus, we can express the expectation value (τ − ) cr and (c) cr approximately in terms of (c, c * )
and (η, η * ). §5. Deformation in the boson mapping method
In Part (I), we formulated the boson-pair coherent states for the cases u = 1 and 0 independently and the relation to the MYT boson mapping method was discussed. In this section, we contact with the MYT boson mapping for the present case. For this problem, we have already developed this investigation in the case (3 . 1) 2) and, in this sense, the form treated in this section is a natural generalization from that developed in Ref.
2). Following Part (I) and Ref.
2), we introduce the following orthogonal set :
The state |n) d denotes
is a set of a boson operator. Further, the operator (ζ,ζ * ) denotes a set of a fermion operator obeying
We set up the relation between the original and the new space in the following way :
Then, the mapping operatorÛ characterizing the MYT boson mapping is introduced in the formÛ
Clearly, there exists the relationÛÛ
The operators (τ ±,0 ) andĉ are mapped on the following form :
Explicitly, they are given as
The expressions (5 . 8) and (5 . 9) have been derived in Ref.
The operatorÛ determines the image of |cr , which we denote as |cr) :
For the case (3 . 1), i.e.,f(2n) = 2n + 1 andf(2n − 1) = 1, we have
The case (3 . 14), i.e.,f (2n) = √ 2n + 1 andf (2n − 1) = 1, gives us
Further, the case (4 . 1), i.e.,f(2n) = 1 andf (2n − 1) = 1, leads us to
The above three states show us that they are the quite natural generalization of the forms discussed in §8 in (I). The form (5 . 12) is of the same form as that discussed in Ref.
2). §6. Discussion
In §3, we have shown two examples which are the exact inverses of the relation (2 . 17), and in §4 the approximate relation has been shown. In this section, much simpler forms than the forms given in the previous sections are discussed, while the form given in §4 is too complicated.
For this purpose, we introduce two functions for |γ| 2 , namely, (tanh |γ| 2 ) 1 and (tanh |γ| 2 ) 2 , in the following forms :
The behaviors of tanh |γ| 2 , (tanh |γ| 2 ) 1 and (tanh |γ| 2 ) 2 in the regions |γ| 2 ∼ 0 and |γ| 2 → ∞ are summarized as follows :
(1) In the region |γ| 2 ∼ 0 :
(2) In the region |γ| 2 → ∞ :
Here, ε denotes a positive infinitesimal parameter. Then, concerning tanh |γ| 2 , we can conclude that in the region |γ| 2 ∼ 0, the behavior of (tanh |γ| 2 ) 2 is nearer that of (tanh |γ| 2 ) 1 and in the region |γ| 2 → ∞, the situation is in reversal. For coth |γ| 2 , we define (coth |γ| 2 ) 1 and (coth |γ| 2 ) 2 in the form
Under the above preparation, for two cases, we find |γ| 4 expressed in terms of 2|c| 2 . By substituting the forms (6 . 1) and (6 . 5) into the relation (4 . 5), we have
The relation (6 . 7) can be inversely solved in exact form, and through the relation
Further, substituting the forms (6 . 2) and (6 . 6) into the relation (4 . 5), we have
The relation (6 . 9) gives us
(6 . 10)
In the regions 2|c| 2 ∼ 0 and 2|c| 2 → ∞, F cr , (F cr ) 1 and (F cr ) 2 are approximated as follows :
(1) In the region 2|c| 2 ∼ 0 : It may be interesting to see that the relations (6 . 11) and (6 . 12) are in the situation similar to the relations (6 . 3) and (6 . 4). However, it should be noted that the form (6 . 8) or (6 . 10) are simple, and then, as a possible approximation, it may be useful for the case of the state |cr characterized by the relation (4 . 1).
Finally, we give a short comment on the functions (tanh |γ| 2 ) i and (coth |γ| 2 ) i (i = 1, 2).
These were introduced as numerical approximation of tanh |γ| 2 and coth |γ| 2 . Then, forgetting the above-mentioned background, it may be interesting to investigate a problem which |cr produces (tanh |γ| 2 ) i and (coth |γ| 2 ) i as (Γ ′ /Γ ) ch,i and (Γ ′ /Γ ) sh,i (i = 1, 2), respectively. As is clear from the relation (2 . 3), Γ ch,i and Γ sh,i should be regarded as the forms obtained by the sum of the power series expansion for |γ| 2 . However, such functions as 1 + |γ| 4 and 9/4 + |γ| 4 cannot be expanded for |γ| 2 in the region |γ| 2 > 1. Therefore, in the present framework where ||ch and ||sh are of the forms shown in the relation (2 . 2), our idea is powerless, and we have to give the negative answer inevitably. In Part (III), this problem will be discussed wheref (2n − 1) andf (2n) characterizing the deformation depend on the parameter |γ| 2 .
